Composita and its properties by Kruchinin, Vladimir V. & Kruchinin, Dmitry V.
ar
X
iv
:1
10
3.
25
82
v2
  [
ma
th.
CO
]  
25
 M
ar 
20
13
COMPOSITA AND ITS PROPERTIES
Vladimir V. Kruchinin, Dmitry V. Kruchinin
In this paper we study the coefficients of the powers of an or-
dinary generating function and their properties. A new class of
functions based on compositions of an integer n is introduced
and is termed composita. We present theorems about composi-
tae and operations with compositae. We obtain the compositae
of polynomials, trigonometric and hyperbolic functions. Using
the notion of the composita we get the solution of the functional
equation B(x) = H(xB(x)m), where H(x), B(x) are generating
functions, and m ∈ N.
1. INTRODUCTION
The computations based on combinatorial objects are an impor-
tant direction of research in enumerative combinatorics and related
fields of mathematics. For example, ordered partitions of a finite set
is used to derive the formula for a composition of exponential generat-
ing functions [1]. Computations that use compositions of an integer n
are found in various problems: derivation of a convolution of convolu-
tions [2], composition of ordinary generating functions [3], calculation
of the n-th order derivatives of a composite function [4], generation of
ordered root trees [5], etc. However, there is no unified approach to
solving problems based on compositions.
In this work, we consider a unified approach to the above prob-
lems, using a special function termed a composita. The notion of the
composita is close to that of a Riordan array [6, 7], but the composita
characterizes only one function, and potential polynomials for expo-
nential generating functions [8].
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Most of all papers and books related to combinatorial problems
and generating functions use coefficients of the powers of an ordinary
generating function [1, 3, 8, 9]. However, as an independent object of
study this has not considered. So investigation of the coefficients of
the powers of an ordinary generating function is very important.
2. COMPOSITA
Now we introduce the definition of composita.
Definition 1. The composita of the generating function F (x) =
∑
n>0 f(n)x
n
is the function of two variables
F∆(n, k) =
∑
pik∈Cn
f(λ1)f(λ2) . . . f(λk), (1)
where Cn is a set of all compositions of an integer n, pik is the compo-
sition n into k parts such that
∑k
i=1 λi = n.
It follows from the definition of a composita that it is defined
for a generating function F (x) for which f(0) = 0. Let us consider
a generating function F (x) = x
1−x =
∑
n>0 x
n. On the strength of
formula (1), the composita of this function is
F∆(n, k) =
(
n− 1
k − 1
)
.
For all n > 0 we have f(n) = 1; therefore, the formula (1) counts the
number of compositions of n into k parts.
Next we obtain a recurrent formula for the composita of a gener-
ating function.
Theorem 2. For the composita F∆(n, k) of the generating function
F (x) =
∑
n>0
f(n)xn the following recurrent relation holds true
F∆(n, k) =


f(n), if k = 1;
n−k+1∑
i=1
f(i)F∆(n− i, k − 1), if k ≤ n. (2)
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Proof. The composition pik for k = 1 is unique and is equal to n; from
whence it follows that F∆(n, 1) = f(n). Now for k > 1 we group in
the formula (1) all products f(λ1)f(λ2) . . . f(λk) of the composition pik
with equal λ1. Let us take f(λ1) out of the brackets; we see that the
sum of the products in the brackets is equal to F∆(n−λ1, k−1). Then
for all values of λ1 we obtain
F∆(n, k) = f(1)F∆(n− 1, k − 1) + f(2)F∆(n− 2, k − 1) + · · ·
· · ·+ f(i)F∆(n− i, k− 1)+ . . .+ f(n− (n− k+1))F∆(k− 1, k− 1).
Thus, the theorem is proved.
It is obviously that
F∆(n, n) = f(1)F∆(n− 1, n− 1) = f(1)n.
The formula (2) allows the conclusion that the composita is a charac-
teristic of the generating function F (x).
In tabular form, the composita is presented as a triangle as follows
F∆1,1
F∆2,1 F
∆
2,2
F∆3,1 F
∆
3,2 F
∆
3,3
F∆4,1 F
∆
4,2 F
∆
4,3 F
∆
4,4
. .
. ...
...
...
. . .
F∆n,1 F
∆
n,2 . . . . . . F
∆
n,n−1 F
∆
n,n
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or, since F∆1,n = f(n), F
∆
n,n = [f(1)]
n, as
f(1)
f(2) f 2(1)
f(3) F∆3,2 f
3(1)
f(4) F∆4,2 F
∆
4,3 f
4(1)
. .
. ...
...
...
. . .
f(n) F∆n,2 . . . . . . F
∆
n,n−1 f
n(1)
Presented below are the first terms of the composita of the gen-
erating function F (x) = x
1−x (it is the Pascal triangle)
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
For the given generating function F (x) =
∑
n>0 f(n)x
n the com-
posita F∆(n, k) always exists and is unique.
Next we consider a generating function of the composita. The
generating function of the composita of F (x) is equal to
[F (x)]k =
∑
n≥k
F∆(n, k)xn. (3)
It follows from
[F (x)]k =
∑
n≥k
∑
pik∈Cn
f(λ1)f(λ2) . . . f(λk)x
n =
∑
n≥k
F∆(n, k)xn.
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The composita is the coefficients of the powers of an ordinary
generating function
F∆(n, k) := [zn]F (x)k.
3. OPERATIONS WITH COMPOSITAE
The above result allows us to use generating functions for compu-
tation of compositae. In this section we introduce several theorems for
computation of compositae.
Theorem 3. Suppose F (x) =
∑
n>0 f(n)x
n is a generating function,
F∆(n, k) is the composita of this generating function. Then for the
generating function A(x) = xF (x) the composita is equal to
A∆(n, k) = F∆(n− k, k). (4)
Proof. Using (3), we get
[A(x)]k = [xF (x)]k = xk[F (x)]k =
∑
m≥k
F∆(n, k)xm+k.
Substituting n for m+ k, we get the following expression
[A(x)]k =
∑
n≥2k
F∆(n− k, k)xn.
Therefore,
A∆(n, k) = F∆(n− k, k).
Corollary 4. Suppose B(x) =
∑
n≥0 b(n)x
n is a generating function
such that [B(x)]k =
∑
n≥0B(n, k)x
n. Then the composita of the gen-
erating function A(x) = xB(x) is equal to
A∆(n, k) = B(n− k, k). (5)
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Corollary 5. Suppose A(x) =
∑
n>0 a(n)x
n is a generating function,
A∆(n, k) is the composita of this generating function. Then for the
generating function [B(x)]k = [F (x)
x
]k =
∑
n≥0B(n, k)x
n such that
B(x) =
∑
n≥0 b(n)x
n the expression of coefficients is equal to
B(n, k) = A∆(n+ k, k). (6)
Theorem 6. Suppose B(x) =
∑
n≥0 b(n)x
n is a generating function
such that [B(x)]k =
∑
n≥0B(n, k)x
n. Then the composita of the gen-
erating function A(x) = B(x)− b(0) is equal to
A∆(n, k) =
k∑
j=1
(
k
j
)
B(n, j)(−1)k−jb(0)k−j. (7)
Proof. Raising the generating function A(x) to the power of k and
applying the binomial theorem, we obtain
A(x)k = [B(x)− b(0)]k =
k∑
j=0
(
k
j
)
B(x)j(−1)k−jb(0)k−j.
From
[B(x)]k =
∑
n≥0
B(n, k)xn,
and B(x)0 = 1, we have
B(n, 0) =
{
1, if n = 0;
0, if n > 0.
Since A(x) =
∑
n>0 a(n)x
n, we get
A∆(n, k) =
k∑
j=1
(
k
j
)
B(n, j)(−1)k−jb(0)k−j.
Theorem 7. Suppose F (x) =
∑
n>0 f(n)x
n is the generating function,
F∆(n, k) is the composita of this generating function, and α is constant.
Then for the generating function A(x) = αF (x) the composita is equal
to
A∆(n, k) = αkF∆(n, k). (8)
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Proof. Using (3), we get
[A(x)]k = [αF (x)]k = αk[F (x)]k =
=
∑
n≥k
αkF∆(n, k)xn =
∑
n≥k
A∆(n, k)xn.
Therefore,
A∆(n, k) = αkF∆(n, k).
Theorem 8. Suppose F (x) =
∑
n>0 f(n)x
n is the generating function,
F∆(n, k) is the composita of this generating function, and α is constant.
Then for the generating function A(x) = F (αx) the composita is equal
to
A∆(n, k) = αnF∆(n, k). (9)
Proof. Using (3), we get
[A(x)]k = [F (αx)]k =
∑
n≥k
F∆(n, k)(αx)n =
=
∑
n≥k
αnF∆(n, k)xn =
∑
n≥k
A∆(n, k)xn.
Therefore,
A∆(n, k) = αnF∆(n, k).
Theorem 9. Suppose we have the generating function F (x) =
∑
n>0 f(n)x
n,
the composita of this generating function F∆(n, k); the following gen-
erating functions B(x) =
∑
n≥0 b(n)x
n and [B(x)]k =
∑
n≥0B(n, k)x
n.
Then for the generating function A(x) = F (x)B(x) the composita is
equal to
A∆(n, k) =
n∑
i=k
F∆(i, k)B(n− i, k). (10)
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Proof. Since a(0) = f(0)b(0) = 0, the function A(x) has the composita
A∆(n, k).
Using (3), we get
[A(x)]k = [F (x)]k[B(x)]k.
Then, from the rule of product of generating functions, we have
A∆(n, k) =
n∑
i=k
F∆(i, k)B(n− i, k).
Corollary 10. If for the generating function B(x) we have b(0) = 0,
then the formula (10) takes the form
A∆(n, k) =
n−k∑
i=k
F∆(i, k)B∆(n− i, k). (11)
Theorem 11. Suppose we have the generating functions F (x) =
∑
n>0 f(n)x
n,
G(x) =
∑
n>0 g(n)x
n, and their compositae F∆(n, k), G∆(n, k) respec-
tively. Then for the generating function A(x) = F (x) +G(x) the com-
posita is equal to
A∆(n, k) = F∆(n, k)+
k−1∑
j=1
(
k
j
) n−k+j∑
i=j
F∆(i, j)G∆(n−i, k−j)+G∆(n, k).
(12)
Proof. Using (3) and the binomial theorem, we get
[A(x)]k =
k∑
j=0
(
k
j
)
[F (x)]j [G(x)]k−j.
Note that
[F (x)]j =
∑
n≥j
F∆(n, j)xn,
and
[G(x)]k−j =
∑
n≥k−j
G∆(n, k − j)xn.
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Then, from F (x)0 = 1, G(x)0 = 1 and the rule of product of generating
functions, we have
A∆(n, k) = F∆(n, k)+
k−1∑
j=1
(
k
j
) n−k+j∑
i=j
F∆(i, j)G∆(n−i, k−j)+G∆(n, k).
Remark 12. For the case k = 0, we have F (x)0 = 1. It is mean that
F∆(n, 0) =
{
1, if n = 0;
0, if n > 0.
(13)
3. COMPOSITAE OF GENERATING FUNCTIONS
In this section we consider several examples of computation of
compositae.
For derivation of a composita of the generating function F (x) =∑
n>0 f(n)x
n, we have to find coefficients of the generating function
F (x)k. As an example, in Table 1 we present compositae of several
known generating functions [1, 2, 8].
Generating function F (x) Composita F∆(n, k)
xm δn,mk, m > 0
bx
1−ax
(
n−1
k−1
)
an−kbk
xex k
n−k
(n−k)!
ln(1 + x) k!
n!
s(n, k)
ex − 1 k!
n!
S(n, k)
Table 1: Examples of generating functions and their compositae
Here δn,k is the Kronecker delta, s(n, k) and S(n, k) stand for the
Stirling numbers of the first kind and of the second kind, respectively
(see [8, 2]).
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The Stirling numbers of the first kind s(n, k) count the number of
permutations of n elements with k disjoint cycles. The Stirling numbers
of the first kind are defined by the following generating function
ψk(x) =
∑
n≥k
s(n, k)
xn
n!
=
1
k!
lnk(1 + x).
The Stirling numbers of the second kind S(n, k) count the number
of ways to partition a set of n elements into k nonempty subsets. A
general formula for the Stirling numbers of the second kind is given as
follows
S(n, k) =
1
k!
k∑
j=0
(−1)k−j
(
k
j
)
jn.
The Stirling numbers of the second kind are defined by the fol-
lowing generating function
Φk(x) =
∑
n≥k
S(n, k)
xn
n!
=
1
k!
(ex − 1)k.
Compositae of polynomials
Let us obtain compositae for polynomials. First we obtain the
composita of the generating function F (x) = ax + bx2. Raising this
generating function to the power of k and applying the binomial theo-
rem, we get
[F (x, a, b)]k = xk(a+ bx)k = xk
k∑
m=0
(
k
m
)
ak−mbmxm.
Substituting n for m+ k, we get the following expression
[F (x, a, b)]k =
2k∑
n=k
(
k
n− k
)
a2k−nbn−kxn =
2k∑
n=k
F∆(n, k, a, b)xn.
Therefore, the composita is
F∆(n, k, a, b) =
(
k
n− k
)
a2k−nbn−k. (14)
Composita and its properties 11
Next we obtain the composita of the generating function F (x) =
ax + bx2 + cx3. For this purpose, we write the generating function as
the sum of the functions F1(x) = ax and F2(x) = x(bx+ cx
2).
The composita of the generating function F1(x) = ax, according
to Theorem 7, is equal to
F∆1 (n, k, a) = a
kδn,k.
Using Theorem 3 and the formula (14), the composita of the gen-
erating function F2(x) is equal to
F∆2 (n, k, b, c) =
(
k
n− 2k
)
b3k−ncn−2k.
Using Theorem 11, we obtain
F∆(n, k, a, b, c) =
k∑
j=0
(
k
j
) n−k+j∑
i=j
F∆1 (i, j, b, c)δn−i,k−ja
k−j .
Since
δn−i,k−j =
{
1, if n− i = k − j;
0, otherwise,
the composita of F (x) = ax+ bx2 + cx3 is
F∆(n, k, a, b, c) =
k∑
j=0
(
k
j
)(
j
n− k − j
)
ak−jb2j+k−ncn−k−j. (15)
With the above theorems (Section 3), we can obtain compositae
for different polynomials. Some examples are presented in Table 2.
Compositae of trigonometric functions
For computation of compositae of trigonometric functions, we use
the Euler identity eix = cos(x) + i sin(x).
Let us obtain the composita of the generating function F (x) =
sin(x).
Using the expression
sin(x) =
eix − e−ix
2i
,
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Generating function F (x) Composita F∆(n, k)
ax+ bx2
(
k
n−k
)
a2k−nbn−k
ax+ bx2 + cx3
k∑
j=0
(
k
j
)(
j
n−k−j
)
ak−jb2j+k−ncn−k−j
ax+ cx3 1+(−1)
n−k
2
(
k
n−k
2
)
a
3k−n
2 c
n−k
2
ax+ bx2 + dx4
k∑
j=⌊ 4 k−n3 ⌋
a4 k−n−2j bn−4k+3jdk−j
(
j
n−4k+3j
) (
k
j
)
Table 2: Compositae of polynomials
we obtain sin(x)k
sin(x)k =
1
2kik
k∑
m=0
(
k
m
)
eimxe−i(k−m)x(−1)k−m = 1
2kik
k∑
m=0
(
k
m
)
×
× ei(2m−k)x(−1)k−m =
∑
n≥k
1
2k
in−k
k∑
m=0
(
k
m
)
(2m− k)n
n!
(−1)k−mxn.
Then the composita is equal to
1
2k
in−k
k∑
m=0
(
k
m
)
(2m− k)n
n!
(−1)k−m.
Since n − k is an even number and the function is symmetric
with respect to k, we obtain the composita of the generating function
F (x) = sin(x)
F∆(n, k) =
{
1
2k−1n!
∑⌊k
2
⌋
m=0
(
k
m
)
(2m− k)n(−1)n+k2 −m, if n− k is even;
0, if n− k is odd.
(16)
With the above theorems (Section 3), we can obtain compositae
for different trigonometric and hyperbolic functions. Some examples
are presented in Table 3.
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Generating function F (x) Composita F∆(n, k)
sin(x) 1+(−1)
n−k
2kn!
⌊k
2
⌋∑
m=0
(
k
m
)
(2m− k)n(−1)n+k2 −m
x cos(x) 1+(−1)
n−k
2k(n−k)! (−1)
n−k
2
⌊k−1
2
⌋∑
j=0
(
k
j
)
(k − 2j)n−k
tan(x) 1+(−1)
n−k
n!
n∑
j=k
2n−j−1
{
n
j
}
j!(−1)n+k2 +j(j−1
k−1
)
arctan(x)
(
(−1) 3n+k2 +(−1)n−k2
)
k!
2k+1
n∑
j=k
2j
j!
(
n−1
j−1
)
s(j, k)
sinh(x) 1
2k
k∑
j=0
(−1)j(k
j
)
(k−2j)n
n!
x cosh(x) 1
2k
k∑
j=0
(
k
j
) (k−2j)n−k
(n−k)!
Table 3: Compositae of trigonometric and hyperbolic functions
4. COMPOSITION OF GENERATING FUNCTIONS AND
ITS COMPOSITAE
Let us consider the application of compositae for computation of
compositions of ordinary generating functions. For this purpose, we
prove the following theorem.
Theorem 13. Suppose we have the generating function F (x) =
∑
n>0 f(n)x
n,
the composita of this generating function F∆(n, k), and the generating
function R(x) =
∑
n≥0 r(n)x
n. Then for the composition of generating
functions A(x) = R(F (x)) the following condition holds
a(n) =
{
r(0), if n = 0;∑n
k=1 F
∆(n, k)r(k), if n > 0,
(17)
where A(x) =
∑
n≥0 a(n)x
n.
Proof. For computation A(x) = R(F (x)) we can write
A(x) = R(F (x)) =
∑
k≥0
r(k)F (x)k.
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Replacing F (x)k by
∑
n≥k F
∆(n, k)xn and considering that F (x)0 = 1,
we get
A(x) = r(0)+
+r(1)F (1, 1)x +r(1)F (2, 1)x2 + . . .+ r(1)F (n, 1)xn + · · ·
+r(2)F (2, 2)x2 + . . .+ r(2)F (n, 2)xn + · · ·
· · ·
+ r(n)F (n, n)xn + · · ·
+ · · ·
Summing the coefficients of equal powers of xn, we obtain the desired
formula
a(0) = r(0), n = 0;
a(n) =
n∑
k=1
F∆(n, k)r(k), n > 0.
Further, for the composition A(x) = R(F (x)) the condition a(0) =
r(0) is implied.
Example 14. Let us obtain an expression of coefficients of the gener-
ating function
A(x) =
1
1− ax− bx2 − cx3 ,
where a, b, c 6= 0.
Represent A(x) as a composition of generating functions A(x) =
R(F (x)), where F (x) = ax+ bx2 + cx3 and R(x) = 1
1−x .
According to Table 2, the composita of F (x) = ax+ bx2 + cx3 is
k∑
j=0
(
k
j
)(
j
n− k − j
)
ak−jb2j+k−ncn−k−j.
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Using Theorem 13, we obtain the expression of coefficients of A(x)
a(n) =
n∑
k=1
k∑
j=0
(
k
j
)(
j
n− k − j
)
ak−jb2j+k−ncn−k−j.
Example 15. Let us consider the generating function A(x) = esinh(x).
Using the composita of F (x) = sinh(x) (see Table 3) and Theorem
13, we obtain the expression of coefficients of A(x)
a(n) =
n∑
k=1
1
2k
k∑
j=0
(−1)j
(
k
j
)
(k − 2j)n
n!
1
k!
.
Theorem 16. Suppose we have the generating functions F (x) =
∑
n>0 f(n)x
n,
G(x) =
∑
n>0 g(n)x
n, and their compositae F∆(n, k), G∆(n, k) re-
spectively. Then for the composition of generating functions A(x) =
G (F (x)) the composita is equal to
A∆(n, k) =
n∑
m=k
F∆(n,m)G∆(m, k). (18)
Proof. Using the formula (3), we have
[A(x)]k = [G(F (x)]k =
∑
n≥k
A∆(n, k)xn.
The function of coefficients of the generating function [G(x)]k is
the composita G∆(n, k)
[G(x)]k =
∑
n≥k
G∆(n, k)xn.
Then, according to Theorem 13, we get
[G(F (x)]k =
∑
n≥k
n∑
m=1
F∆(n,m)G∆(m, k).
Since
G∆(m, k) = 0, if m < k,
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we obtain the composita of the composition of generating functions
A(x) = G (F (x))
A∆(n, k) =
n∑
m=k
F∆(n,m)G∆(m, k).
5. COMPOSITAE OF RECIPROCAL GENERATING
FUNCTIONS
First we consider the notion of reciprocal generating functions [10].
Definition 17. Reciprocal generating functions are functions that sat-
isfy the condition
H(x)B(x) = 1.
Remark 18. If we have the reciprocal generating functions H(x) =∑
n≥0 h(n)x
n and B(x) =
∑
n≥0B(n)x
n such that H(x)B(x) = 1, then
by the composita of the reciprocal generating function of B(x) we mean
the composita of xH(x) = x
B(x)
.
In the following theorem we give the formula of the composita of
a reciprocal generating function.
Theorem 19. Suppose H(x) =
∑
n≥0 h(n)x
n is a generating function,
B(x) =
∑
n≥0 b(n)x
n is the reciprocal generating function of H(x),
and B∆x (n, k) is the composita of xB(x). Then the composita of the
generating function xH(x) is equal to
H∆x (n, k) =


1
B∆x (1,1)
k , if n = k;
n−k∑
m=1
(
m+k−1
k−1
) m∑
j=1
(−1)j
B∆x (1,1)
j+k
(
m
j
)
B∆x (n− k + j, j), if n > k.
(19)
Proof. By Definition 17, we get
xH(x) =
x
b(0) +B(x)− b(0) .
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Raising this generating function to the power of k, we obtain
[xH(x)]k =
[
x
b(0) +B(x)− b(0)
]k
=
[
1
b(0)
x
1 + 1
b(0)
(B(x)− b0)
]k
.
Using Corollary 5, Theorem 6 and Theorem 7, we obtain the com-
posita of F (x) = 1
b0
(B(x)− b0)
F∆(n, k) =
k∑
j=1
b(0)−j (−1)k−j
(
k
j
)
B∆x (n+ j, j).
The expression of coefficients of the generating function R(x) =[
1
b(0)
1
1+x
]k
is equal to
R(n, k) =
1
b(0)k
(
n+ k − 1
k − 1
)
(−1)n.
Then, according to Theorem 13, we get
H(n, k) =
{
1
b(0)k
, if n = 0;∑n
m=1
(
m+k−1
k−1
)∑m
j=1
1
b(0)k+j
(−1)j (m
j
)
B∆(n+ j, j), if n > 0.
Therefore, from Corollary 4 and b(0) = B∆x (1, 1), we obtain the
composita of the reciprocal generating function of B(x)
H∆x (n, k) =


1
B∆x (1,1)
k , if n = k;
n−k∑
m=1
(
m+k−1
k−1
) m∑
j=1
(−1)j
B∆x (1,1)
j+k
(
m
j
)
B∆x (n− k + j, j), if n > k.
For applications of Theorem 19 we give some examples.
Example 20. Let us find a composita of the generating function
F (x) = x2 csc(x). For this purpose, we write
F (x) = x2 csc(x) =
x
sin(x)
x
,
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or
F (x)
x
sin(x)
x
= 1.
According to Table 3, the composita of sin(x) is
1 + (−1)n−k
2kn!
⌊k
2
⌋∑
m=0
(
k
m
)
(2m− k)n(−1)n+k2 −m.
Then, using Theorem 19, we obtain the composita of F (x)
F∆(n, k) =


1, if n = k;
n−k∑
m=1
(
m+k−1
k−1
) m∑
j=1
(
m
j
) 1+(−1)n−k
2j(n−k+j)!
⌊ j
2
⌋∑
i=0
(
j
i
)
(2i− j)n−k+j(−1)n−k2 −i, if n > k.
Example 21. Let us find a composita of the generating function
F (x) = xH(x), where H(x) =
∑
n≥0 h(n)x
n is the generating func-
tion for Bernoulli numbers
H(x) =
x
ex − 1 .
According to Table 1, the composita of the generating function
ex − 1 is equal to
k!
n!
S(n, k).
The generating functionH(x) is the reciprocal generating function
of e
x−1
x
. Then, using Theorem 19, we obtain the composita of the
generating function F (x) = x
2
ex−1
F∆(n, k) =
n−k∑
m=0
(
m+ k − 1
k − 1
) m∑
j=0
(−1)j
(
m
j
)
j!
(n− k + j)!S(n−k+j, j).
6. FUNCTIONAL EQUATION B(x) = H(xB(x)m)
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First we consider a solution of the functional equation
A(x) = xH(A(x)), (20)
where A(x) and H(x) are generating functions such that H(x) =∑
n≥0 h(n)x
n and A(x) =
∑
n>0 a(n)x
n.
In the following lemma we give the Lagrange inversion formula,
which was proved by Stanley [1].
Lemma 22 (The Lagrange inversion formula). SupposeH(x) =
∑
n≥0 h(n)x
n
with h(0) 6= 0, and let A(x) be defined by
A(x) = xH(A(x)). (21)
Then
n[xn]A(x)k = k[xn−k]H(x)n, (22)
where [xn]A(x)k is the coefficient of xn in A(x)k and [xn−k]H(x)n is
the coefficient of xn−k in H(x)n.
By using the above Lemma 22, we now give the following theorem.
Theorem 23. Suppose H(x) =
∑
n≥0 h(n)x
n is a generating function,
where h(0) 6= 0, H∆x (n, k) is the composita of the generating function
xH(x), and A(x) =
∑
n>0 a(n)x
n is the generating function, which is
obtained from the functional equation A(x) = xH(A(x)). Then the
following condition holds true
A∆(n, k) =
k
n
H∆x (2n− k, n). (23)
Proof. According to Lemma 22, for the solution of the functional equa-
tion A(x) = xH(A(x)), we can write
n[xn]A(x)k = k[xn−k]H(x)n.
In the left-hand side, there is the composita of the generating
function A(x) multiplied by n:
n[xn]A(x)k = nA∆(n, k).
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We know that
(xH(x))k =
∑
n≥k
H∆x (n, k)x
n.
Then
(H(x))k =
∑
n≥k
H∆x (n, k)x
n−k.
If we replace n− k by m, we obtain the following expression
(H(x))k =
∑
m≥0
H∆x (m+ k, k)x
m.
Substituting n for k and n− k for m, we get
[xn−k]H(x)n = H∆x (2n− k, n).
Therefore, we get
A∆(n, k) =
k
n
H∆x (2n− k, n).
According to the above Theorem, for solutions of the functional
equation A(x) = xH(A(x)), we can use the following expression
[A(x)]k =
∑
n≥k
A∆(n, k)xn =
∑
n≥k
k
n
H∆x (2n− k, n)xn,
where H∆x (n, k) is the composita of the generating function xH(x).
Therefore,
A(x) =
∑
n≥1
1
n
H∆x (2n− 1, n)xn. (24)
Since the composita is a unique of the given generating function,
the formula (23) provides a solution of the inverse equation A(x) =
xH(A(x)), when A(x) is known and H(x) is unknown. Hence,
H∆x (n, k) =
k
2k − nA
∆(k, 2k − n).
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It should be noted that for n = k,
H∆x (n, n) = A
∆(n, n).
Next we give some examples of functional equations.
Example 24. Let us find the generating functionA(x) =
∑
n>0 a(n)x
n,
which is defined by the functional equation
A(x) = x+ xA(x) + xA(x)2 + 2xA(x)3.
The generating function xH(x) has the form
xH(x) = x+ x2 + x3 + 2x4.
The composita of xH(x) is
H∆x (n, k) =
k∑
j=0
(
k
j
) n−k+j∑
i=j
2n−3(k−j)−i
(
j
i− j
)(
k − j
n− 3(k − j)− i
)
.
According to the formula (24), the coefficients of A(x) is
a(n) =
1
n
G∆(2n− 1, n).
Therefore, we get
a(n) =
1
n
n∑
j=0
(
n
j
) n+j−1∑
i=j
(
j
i− j
)
2−n+3 j−i−1
(
n− j
−n + 3 j − i− 1
)
.
Example 25. Let us find coefficients of the generating function B(x) =∑
n≥0 a(n)x
n, which is defined by the functional equation (see A064641
[11])
B(x) =
1− x−√1− 6x− 3x2
2x(1 + x)
Next we introduce the following generating function A(x) = xB(x).
Considering the functional equation, we can take notice that
A(x) = x
1 + A(x) + A(x)2
1−A(x) .
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Then we get the following functional equation
A(x) = xH(A(x)),
where H(x) = 1+x+x
2
1−x .
Now we obtain the composita of xH(x). According to Table 2,
the composita of F (x) = x+ x2 + x3 is
F∆(n, k) =
k∑
j=0
(
j
n− k − j
)(
k
j
)
.
The expression of coefficients of the generating function [R(x)]k =(
1
1−x
)k
is equal to (
n+ k − 1
k − 1
)
.
Then, using Theorem 9, we obtain the composita of xH(x)
H∆x (n, k) =
n−k∑
i=0
(
k + i− 1
k − 1
) k∑
j=0
(
j
n− k − j − i
)(
k
j
)
.
Hence, using Theorem 23, we get the composita of A(x)
A∆(n, k) =
k
n
H∆x (2n−k, n) =
k
n
n−k∑
i=0
(
n+ i− 1
n− 1
) n∑
j=0
(
j
n− k − j − i
)(
n
j
)
.
According to Theorem 5, the coefficients of B(x) is
b(n) = A∆(n + 1, 1).
Therefore, we obtain
b(n) =
1
n + 1
n∑
i=0
(
n+ i
n
) n+1∑
j=0
(
j
n− j − i
)(
n+ 1
j
)
.
Next we generalize the case A(x) = xH(A(x)).
Replacing A(x) by xB(x) in the functional equation (21), we get
B(x) = H(xB(x)). (25)
Let us introduce the following definitions.
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Definition 26. The left composita of the generating function B(x) in
the functional equation (25) is the composita
H∆x (n, k) =
k
2k − nB
∆
x (k, 2k − n),
where H∆x (n, k) is the composita of the generating function xB(x).
Definition 27. The right composita of the generating function H(x)
in the functional equation (25) is the composita
B∆x (n, k) =
k
n
H∆x (2n− k, n),
where H∆x (n, k) is the composita of the generating function xH(x).
There exists the left composita for every left composita and there
exists the right composita for every right composita.
The formula (23) can be generalized for the case generating func-
tion is the solution of a certain functional equation. Let us prove the
following theorem.
Theorem 28. SupposeH(x) =
∑
n≥0 h(n)x
n and B(x) =
∑
n≥0 b(n)x
n
are generating functions such that B(x) = H(xB(x)m), where m ∈ N;
H∆x (n, k) and B
∆
x (n, k) are the compositae of the generating functions
xH(x) and xB(x), respectively. Then
B∆x (n, k) =
k
im−1
H∆x (im, im−1), (26)
where im = (m+ 1)n−mk.
Proof. For m = 0, we have
B(x) = H(xB(x)0) = G(x), im−1 = k, im = n.
Then we obtain the identity
B∆x (n, k) =
k
k
H∆x (n, k).
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For m = 1, we have
B1(x) = G(xB1(x)), im−1 = n, im = 2n− k.
Then we obtain
B∆x,1(n, k) =
k
n
H∆x (2n− k, n)
that satisfy Theorem 23.
By induction, we put that for m the solution of the equation
Bm(x) = H(xBm(x)
m) (27)
is
B∆x,m(n, k) =
k
im−1
H∆x (im, im−1).
Then we find the solution for m+ 1
Bm+1(x) = H(xBm+1(x)
m+1).
For this purpose, we consider the following functional equation
Bm+1(x) = Bm(xBm+1(x)).
Instead of Bm(x) we substitute the right hand-side of (27)
Bm+1(x) = H(xBm+1(x)[Bm(xBm+1(x)]
m);
from whence it follows that
Bm+1(x) = H(xBm+1(x)
m+1).
We note that B∆x,m+1(n, k) is the right composita of Bm(x)
B∆x,m+1(n, k) =
k
n
B∆x,m(2n− k, n),
where B∆x,m(n, k) is the composita of the generating function xBm(x).
Then
B∆x,m+1(n, k) =
k
(m+ 1)n−mkH
∆
x ((m+2)n−(m+1)k, (m+1)n−mk).
Composita and its properties 25
Equation Function B(x) Composita B∆x (n, k) OEIS
B(x) = 1 + xB0(x) 1 + x
(
k
n−k
)
B(x) = 1 + xB1(x) 1
1−x
(
n−1
k−1
)
A000012
B(x) = 1 + xB2(x) 1−
√
1−4x
2x
k
n
(
2n−k−1
n−1
)
A000108
B(x) = 1 + xB3(x) k
n
(
3n−2k
n−k
)
A001764
Table 4: Table of functional equations
Therefore, for the functional equation
Bm+1(x) = Bm(xBm+1(x))
we obtain the required condition
B∆x,m+1(n, k) =
k
im
H∆x (im+1, im),
where im = (m+ 1)n−mk.
In Table 4 we present a sequence of functional equations for the
generating function H(x) = 1 + x.
7. CONCLUSION
In this paper we introduce the concept of composita for ordinary gen-
erating functions and provide a number of applications. The proposed
apparatus of compositae is applicable to solve the following problems:
calculation of the composition of ordinary generating functions; find-
ing expressions of reciprocal generating functions; finding expressions
of inverse generating functions; finding solutions of functional equa-
tions; obtaining of expressions polynomials and etc.
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